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Abstract: In this paper, we holographically study the renormalization group (RG) flow
in a three-dimensional Einstein-dilaton gravity with a potential permitting several types
of the RG flow with nontrivial beta-functions. By using the intrinsic parameter of the
potential, we classify possible holographic RG flows and examine their physical features.
Using the Ryu-Takayanagi formulation, furthermore, we investigate how the c-function
of the entanglement entropy behaves along the RG flow numerically. We show that the
entanglement c-function monotonically decreases even in the cases with a nontrivial beta-
function. For checking the consistency, we also compare the result of the entanglement
entropy with the c-function derived from the holographic renormalization procedure.
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1 Introduction
Among contemporary theoretical physics, holography becomes one of the important re-
search areas. Especially, after the AdS/CFT correspondence proposed in [1, 2] this con-
jecture has provided us a new tool to understand quantum gravity and nonperturbative
quantum features of the quantum field theory. Recently, the entanglement entropy has
been paid attention in both string theory and condensed matter theory. The entanglement
entropy measures the degrees of freedom confined in an arbitrarily chosen space-like sub-
system. In two-dimensional conformal field theories, it has been shown that the coefficient
of the universal term in the entanglement entropy is proportional to the central charge
representing the degrees of freedom [3–5]. There are many attempts to generalize the two-
dimensional result to the higher dimensional cases [6, 7]. Despite their salient property, the
field theoretic computation accompanies with very complicated analysis. In this circum-
stance, the holographic calculation [8, 9] based on AdS/CFT correspondence [1, 2, 10, 11]
provides a more tractable tool because it enables us to interpret the entanglement entropy
of strongly interacting systems as a geodesic of the dual classical Einstein gravity. In this
work, we investigate the holographic renormalization group (RG) flow of the entanglement
entropy and the property of the c-function along the RG trajectory when the boundary
conformal field theory is deformed by a relevant operator [12–29].
The AdS/CFT duality has provided the one-to-one map between non-perturbative
conformal field theories (CFT) and gravity/string theories defined in an one-dimensional
higher AdS geometry at least in the large N limit. Surprisingly, it was shown that the
holographic calculation of the entanglement entropy can reproduce exactly the same results
obtained in a two-dimensional CFT [8, 9]. However, when we consider a CFT deformed
by a relevant operator, the usual CFT description can not be used anymore at the low
energy scale because the relevant deformation spoils the conformal symmetry. In other
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words, the relevant deformation can dramatically change the UV theory at the IR energy
scale. Therefore, a CFT deformed by a relevant scalar operator gives us a chance to find
a new CFT at an IR fixed point. In order to understand such a nontrivial RG flow from
the holographic point of view, we consider an Einstein-dilaton gravity with an appropriate
dilaton potential. The gravity theory, which admits a smooth interpolation between UV
and IR fixed points, has been known not only in gauged supergravity theories in AdS3 but
also other higher dimensional theories [30, 31]. Recently, the authors in [32] found new
solutions which show exotic behaviors of the RG flow. Related to such exotic RG solutions,
in this work, we investigate how the dual field theory is modified along the RG flow by
using the holographic renormalization and entanglement entropy techniques.
One of the interesting and important tasks in physics may be counting the number
of degrees of freedom of quantum field theories, which decreases monotonically along the
RG flow. This feature called the c-theorem is well expressed by a c-function depending on
the energy scale. For a suitably chosen entangling surface, the universal contribution to an
entanglement entropy can be matched to the c-function [6, 33]. Such a c-function naturally
reduces to the central charge at fixed points. Especially, in order to survey the diverse
behaviors of c-functions for various RG flows, we introduce a specific dilaton potential
with one free parameter, a. Relying on the value of a, in this work, we show that three
different types of the RG flow, for instance, the standard, staircase and bouncing RG flows
[32], are possible. For a positive value of a, the standard RG flow naturally appears. For
a small negative value of a, the staircase RG flow appears and the β-function described
by the dilaton field repeatedly changes the magnitude of its velocity without changing the
sign along the RG trajectory. In a large negative value of a, interestingly, we obtain the
bouncing RG solution which has a similar feature to the cascading RG flow studied in Ref.
[32]. In general, the cascading RG flow violates the Breitenlohner-Freedman (BF) bound
at the UV energy scale. However, the bouncing solution we found does not violate the
BF bound but changes the direction of the RG flow iteratively in the entire energy scale.
Another intriguing point we observed is that in the bouncing RG solution, the number of
the sign change in the β-function increases as the absolute value of a becomes large. We
also check the c-functions of these flow solutions always decreases monotonically along the
RG flow.
The rest of this paper is organized as follows: In section 2, we review the basic setup for
computing both a holographic RG flow and the corresponding c-function in the Einstein-
dilaton gravity. To do so, we introduce the first order formalism where the superpotential
plays a central role. In section 3, we take into account a toy model involving an appropriate
potential with one free parameter. In a specific range of the parameter, the theory admits
diverse geometric solutions interpolating two AdS spaces which, on the dual field theory
side, represent various nontrivial RG flows from a UV to an IR fixed point. We classify the
possible RG solutions and investigate their salient features. Applying the RT formulation,
in section 4, we study the RG flow of the entanglement entropy with several different
parameter values and investigate the corresponding c-theorem. Finally, we close this work
with some concluding remarks in section 5.
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2 Holographic RG flow in Einstein-dilaton gravity
In this section, we investigate how an asymptotic AdS geometry deformed by a scalar field
is connected to an RG flow and what kind of the RG flow can occur depending on the value
of an intrinsic parameter. To do so, let us start with briefly reviewing the holographic RG
flow.
Let us consider a Euclidean version of a minimally coupled Einstein-dilaton gravity
with an arbitrary scalar potential
S = − 1
2κ2
∫
dd+1X
√
g
(
R− 1
2
gMN∂Mφ∂Nφ− V (φ)
)
+
1
κ2
∫
∂M
ddx
√
γ K, (2.1)
where gMN and γµν indicate a bulk metric and an induced metric on the boundary respec-
tively. Since the variation of the gravity action usually contains a radial derivative of the
metric at the boundary, the Gibbons-Hawking term is usually required to get rid of such
a radial derivative term. An extrinsic curvature, K = gMNKMN , is given by a covari-
ant derivative of a unit normal vector. Assuming that the dilaton field depends only on
the radial coordinate and that the boundary space is flat, the most general metric ansatz
preserving the boundary’s planar symmetry in the normal coordinate can be represented
as
ds2 = e2A(y)δµνdx
µdxν + dy2, (2.2)
where the scale factor eA(y) measures the energy scale of dual field theory and the dilaton
field φ(y) is interpreted as a running coupling of the RG flow. Here, the geometric solution
is entirely determined by the scale factor A(y). At a conformal fixed point where the
geometry becomes an AdS space, the scale factor is simply A(y) = −y/R where R is the
AdS curvature radius. In this description, we implicitly assumed that the asymptotic UV
boundary is located at y = −∞, while the IR boundary appears at y = ∞. Hence, two
fixed points of an RG flow are matched to two boundaries of the above metric ansatz (2.2).
The details of the geometry are governed by the equations of motion of φ(y) and A(y)
0 = 2d(d− 1)A˙2 − φ˙2 + 2V (φ), (2.3)
0 = 2(d− 1)A¨+ φ˙2, (2.4)
0 = φ¨+ dA˙φ˙− ∂V (φ)
∂φ
, (2.5)
where the dot indicates a derivative with respect to y. Above the first equation is a
constraint and the second and third are dynamical equations of A and φ. Note that only two
of them are independent because combining the first and second equations automatically
leads to the third one. As a consequence, (2.3) and (2.4) can be regarded as two independent
equations determining the geometry up to boundary conditions. It is worth noting that A˙
never increases because of A¨ ≤ 0 in (2.4). From the viewpoint of the holographic RG flow,
a holographic c-function for d = 2 is defined as
c = − 3
2GA˙
, (2.6)
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where the Newton constant is given by G = 8piκ2. Using this relation, the monotonically
decreasing behavior of the c-function becomes manifest due to (2.4).
To understand the more details of the holographic RG flow, we introduce a superpo-
tential [34–37]
W (φ) = −2(d− 1)A˙. (2.7)
Using this superpotential, the above dynamical differential equation can be reduced to
φ˙(y) = W ′(φ), (2.8)
where the prime indicates a derivative with respect to φ. Moreover, the constraint equation
reduces to
V =
1
2
(
∂W
∂φ
)2
− d
4(d− 1)W
2. (2.9)
As a result, two gravitational equations, (2.3) and (2.4), can be decomposed into three
first-order differential equations, (2.7), (2.8) and (2.9). If the boundary position moves
from y = −∞ to a finite distance of y, this change of the boundary position is associated
with the change of the energy scale on the dual field theory side. Since the value of φ at
the boundary is dual to the coupling constant of the dual field theory, (2.8) represents the
energy dependence of the coupling constant on the dual field theory side, which is related
to a β-function
β(φ) ≡ dφ
dA
=
φ˙
A˙
= −2(d− 1)W
′
W
. (2.10)
Noting that the superpotential is proportional to the inverse of the c-function (W ∼ 1/c),
we can easily check that the superpotential does not decreases along the RG flow
dW
dy
≥ 0, (2.11)
which is another representation of the c-theorem.
3 Various renormalization group flows
To study several different kinds of the RG flow, we take into account a toy model having
a specific scalar potential
V (φ) = −d(d− 1)
R2uv
+
m2
2
φ2 + aφ2 sin2 φ. (3.1)
where m2 = −∆(d−∆)/R2uv and a is a free parameter. In Fig. 1, we plot the potential with
several different parameter values. Above, the first and second terms indicate a negative
cosmological constant and a mass of the bulk scalar field, respectively. The last term
describes a nontrivial interaction of the bulk scalar field. Notice that, when expanding the
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Figure 1: the potential depending the parameter a.
potential (3.1) around the UV fixed point φuv1 = 0, the potential gives rise to infinitely
many extrema satisfying V ′(φ∗) = 0. Since the potential (3.1) is invariant under φ→ −φ,
the expansion of the potential is given by
V ′(φ) = (φ− φuv1)(φ2 − φ2ir1)(φ2 − φ2uv2)(φ2 − φ2ir2) · · · , (3.2)
where we assume φuv1 < φir1 < φuv2 < φir2 < · · · . Hereafter, we focus only on the RG flow
interpolating the first two fixed points, φuv1 and φir1 .
Assuming that φ approaches zero at the boundary, the asymptotic geometry near the
boundary is given by a slightly deformed AdS geometry. In this case, φ and its derivative
correspond to a coupling constant (or source) and a vacuum expectation value (vev) of
the dual scalar operator in the dual field theory. Note that the asymptotic AdS geometry
can appear only for −d2/4 < m2R2uv < 0. In this case, the dual scalar operator becomes
a relevant operator. If m2 is not in this parameter region, the dual scalar operator is
irrelevant. On the gravity side, the corresponding bulk field φ diverges at the boundary
and its gravitational backreaction modifies the asymptotic AdS geometry seriously. For
the massless case with m2 = 0, the bulk scalar field is dual to a marginal operator [38–
40]. When we focus on the parameter region satisfying −d2/4 < m2R2uv < 0, the leading
behavior of the asymptotic AdS space is described by
A(y) = − y
Ruv
, (3.3)
where the AdS radius Ruv is associated with the degrees of freedom of the dual UV CFT.
Note that in the asymptotic region, the mass of the bulk scalar field is associated with
the conformal dimension, ∆, of the dual scalar operator. The effect of the interaction term
of the potential in (3.1) is negligible at least in the asymptotic region because we consider
the relevant deformation. Even in this case, in the intermediate and IR regimes the effect
of the interaction term becomes important and modifies the AdS geometry seriously into
another geometry. In the asymptotic region, anyway, the gravitational backreaction of φ
slightly modifies the asymptotic AdS geometry. In this case, the profile of the scalar field
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Figure 2: Qualitative behavior of the potential for d = 2 and ∆ = 1.
is governed by the following equation of motion
0 = φ¨− d
Ruv
φ˙−m2φ, (3.4)
and its solution is given by
φ = c1 e
(d−∆)y/Ruv + c2 e∆y/Ruv , (3.5)
where two integral constants, c1 and c2, are reinterpreted as a coupling constant (or source)
and a vev of the dual scalar operator, as mentioned before. Substituting the φ solution
(3.5) into the equation of (2.3), the deformed geometry up to higher order corrections
reduces to
A = − y
Ruv
− c
2
1
8(d− 1) e
2(d−∆)y/Ruv − c
2
2
8(d− 1) e
2∆y/Ruv . (3.6)
Near the UV fixed point with φ = 0, we depict the qualitative behavior of the potential
relying on a in Fig. 2, which shows that the UV fixed point is unstable regardless of the
value of a. This means that φ must roll down to another stable vacuum. Recalling that the
value of φ can be reinterpreted as the coupling constant, the rolling of φ is related to the
β-function discussed before. As shown in Fig. 2, there exist two local minima near φ = 0
which correspond to the IR vacuum. The nearest two local minima are always degenerate
due to the invariance of the potential under φ → −φ. From now on, we concentrate on
the case with φ = φir and investigate the RG flow from the UV fixed point with φ = 0 to
the IR fixed point with φ = φir. The IR fixed point is stable and has a different vacuum
energy V (φir) from V (0) at the UV fixed point. On the dual field theory side, the different
vacuum energy means that another conformal field theory appears with a different central
charge at the IR fixed point. As a result, a geometric solution interpolating two extrema
with the rolling φ describes the RG flow of the dual field theory from the UV to IR fixed
points with a nontrivial β-function. In Fig. 3, we plot numerical solutions satisfying all
equations of motion with several different parameter values. Relying on the value of a,
these numerical solutions can show several different types of the RG flow including an
exotic RG flow studied in Ref. [32]. Now, we discuss more details about the possible RG
flows.
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Figure 3: The profiles of (a) the scalar field φ(y) and (b) the metric factor A, which
represent the standard (a = 1), staircase (a = −0.55) and bouncing (a = −20) RG flows,
respectively.
3.1 Standard and IR incomplete RG flows for a ≥ 0
Here, we briefly summarize the standard and IR incomplete RG flows which usually appear
in many holographic models.
(1) Standard RG flow
For a > 0, the local extremum at φ = 0 becomes a unstable local maximum. In this
case, a stable local minimum always exists near the local maximum. Therefore, the scalar
field φ naturally rolls down from the local maximum to the other local minimum. On the
dual field theory side, this behavior corresponds to the RG flow from the UV to IR fixed
points. Moreover, the rolling of φ is related to the β-function of the dual field theory.
Recalling that the c-function monotonically decreases with c > 0 along the RG flow, we
can easily see that A˙ always has a negative value, A˙ = −3/(2Gc) < 0. This feature is
also manifest in Fig. 3b. Using this fact, the β-function in (2.10) can be reexpressed by
β ∼ −cφ˙. If the β-function is not oscillating during the RG flow, we call it the standard
RG flow. The solution for the standard RG flow was constructed by using a variety of
potentials (see Ref. [29] and references therein for more details).
(2) Incomplete IR RG flow
For a = 0 unlike the case with a > 0, there is no local minimum near the local
maximum at φ = 0. In this case, the scalar field rolls down forever and finally diverges
in the IR limit. This fact indicates that there is no stable IR fixed point which stops the
rolling of the scalar field. From the dual field theory viewpoint, the absence of the local
minimum corresponding to the IR fixed point implies the incompleteness of the dual field
theory. As a result, the rolling of the scalar field for a = 0 describes an IR incomplete RG
flow of the dual field theory.
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3.2 Exotic (or novel) RG flow for a < 0
For a < 0, a new local minimum near the local maximum again appears. This fact, on the
dual field theory side, indicates that there exists a new stable IR fixed point. For a < 0,
however, the RG flow can show a different behavior from the above standard RG flow,
which was known as the exotic (or novel) RG flow [32]. Relying on the behavior of the
β-function, the exotic RG flow can be further classified to staircase and bouncing RG flows.
(1) Staircase RG flow
When a has a small negative value (a = −0.55), the numerical solution in Fig. 3 leads
to a staircase RG flow which, at first glance, seems to have several plateaux satisfying
φ˙ = 0. Recalling that φ˙ ∼ W ′(φ) is related to the β-function in (2.10), the existence of
φ˙ = 0 implies that additional fixed points except the UV and IR fixed points can exist in the
staircase RG flow. In Fig. 4, we depict W ′(φ) and V ′(φ) for the standard and staircase RG
flows. In the standard RG flow in Fig. 4a, the UV and IR fixed points corresponding to the
ends of the RG flow satisfies W ′(φ) = V ′(φ) = 0 simultaneously. In this case, W ′(φ) = 0
means that the β-function vanishes and V ′(φ) = 0 indicates that the corresponding dual
theory is in a stable or unstable equilibrium state. These two conditions are natural
requirements to obtain the geometry dual to the ground state of conformal field theories at
UV and IR fixed points. In Fig. 4b, however, the staircase RG flow, as mentioned before,
looks to allow an additional fixed point satisfying W ′(φ) = V ′(φ) = 0 in the intermediate
region of the RG flow. In order to check whether such an addition fixed point really exists
or not, we zoom in the region around the origin of Fig. 4b and plot the result in Fig. 4c.
Fig. 4c shows that there is no point satisfying W ′(φ) = V ′(φ) = 0 exactly except the UV
and IR fixed points.
The absence of an additional fixed point discussed above becomes more manifest when
we consider the β-function proportional to W ′. We depict the β-function as a function of φ
in Fig. 5, where there is no fixed point with a vanishing β-function except two UV and IR
fixed points. In other words, the β-function does not change its sign during the RG flow. It
is worth noting that the β-function appearing in Fig. 5 always has a negative value except
for the two fixed points. This fact means that the coupling constant of the dual field theory
monotonically increases along the RG flow. Even in this case, since the magnitude of the
β-function oscillates, the coupling constant repeats the fast and slow increasing during the
RG flow. We called this type of the RG flow the staircase RG flow.
(2) Bouncing RG flow
For a negatively large value of a (a = −20 in Fig. 3), the profile of φ in Fig. 3a shows
a totally different behavior from the above staircase RG flow. φ is monotonically increases
in the staircase RG flow, whereas it oscillates in the case with a negatively large a. Since
φ˙ is proportional to the β-function, the oscillation of φ indicates that there exists a point
with a vanishing β-function at which the β-function changes the sign unlike the staircase
RG flow. This type of the RG flow was known as the bouncing RG flow [32].
To understand the more details of the bouncing RG flow, we introduce a new function
– 8 –
W 0( )
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(a) Phase curve in the standard RG flows
V 0( )
W 0( )
(b) Phase curve in the staircase RG flows
W 0( )
V 0( )
(c) Phase curve near the origin of Fig. (b)
Figure 4: Phase diagram with a = 1 (a) and a = −0.55 (b), respectively. The two curves
(a) and (b) flow counterclockwise starting from the origin and terminate their flowing at
the same origin. Notice that we distinguish the original point as the UV and the IR fixed
points by mapping it into the field or holographic coordinate space. One can easily find
that except for the origin there are no intersection points (W ′ = 0, V ′ 6= 0) in the phase
space.
by
B(φ) =
√
−4(d− 1)
d
V (φ). (3.7)
This new function is well defined only for V ≤ 0. In the present work, we consider the RG
flows represented by φ with the range of φuv ≤ φ ≤ φir, so the value of V during the RG
flow always has a negative value satisfying V (φir) < V (φuv) < 0. Therefore, the B(φ) we
introduced is a well-defined positive function in the entire range of the RG flow. Rewriting
W ′(φ) in terms of the new positive function B(φ) allows two possible branches
W ′(φ) ≡ dW
dφ
= ±
√
2d
d− 1(W
2 −B2). (3.8)
At this stage, there are several remarkable points we should note. First, the relation
we obtained restricts the range of W to the case of W ≥ B because the inside of the square
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Figure 5: The β-function of the staircase RG flow where two ends of the RG flow denote
the UV and IR fixed points.
root must be non-negative. Second, W ′ vanishes at W = B and two possible branches
are smoothly connected at least up to the first derivative order. Suppose that the gravity
solution has a point satisfying W = B in the intermediate range of y. Then, the solution
of one branch must smoothly change into the one of the other branch because the region
satisfying W 2 < B2 is forbidden. This feature makes the RG flow bounce back at W = B
and leads to a vanishing β-function. Due to these reason, the RG flow showing this feature
is called the bouncing RG flow. In Ref. [27, 32, 41], the authors explored the exotic RG
flows in different models and showed that bouncing solutions have vanishing β-functions
unlike the standard and staircase RG flows, as explained before. Lastly, although W ′ = 0
at the bouncing point leads to a vanishing β-function, it does not guarantee V ′ = 0. In
general, the point with W ′ = 0 is not coincident with the point satisfying V ′ = 0 except
for the UV and IR fixed points. In Fig. 6, we depict the curves of W ′ and V ′ for a = −10
where two bouncing points exist. As mentioned before, the bouncing points with W ′ = 0
do not satisfy V ′ = 0 in the intermediate region, φuv < φ < φir. In summary, the bouncing
RG flow is the RG flow having the bouncing points, where the β-function vanishes, but it
generally does not lead to additional conformal fixed points due to V ′ 6= 0. Then, what is
the meaning of β = 0 in the bouncing RG flow? A vanishing β-function in the bouncing
RG flow is directly related to the change of the β-function’s sign. This fact implies that the
energy dependence of the coupling constant dramatically changes at the bouncing points.
To understand this point more precisely, we need to remember that the positive or negative
β-function usually means that the coupling constant decreases or increases along the RG
flow, respectively. Therefore, the existence of a bouncing point at an intermediate energy
scale indicates that a coupling constant increasing along the RG flow starts to decrease
after passing through the bouncing point, or vice versa. In other words, the interaction
strength of the bouncing RG flow does not monotonically increases along the RG flow.
So far, we discussed several different types of the RG flow relying on the value of
a. Especially, the staircase RG flow appears as shown in Fig. 3 for a = −0.55. On the
other hand, we showed that the bouncing RG flows occur for a = −20 in Fig. 3 and
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Figure 6: Phase diagram with a = −10. The two curves (a) and (b) represent two
bouncing points. The phase curve starts at the UV fixed point (the origin W ′ = V ′ = 0)
and flows counterclockwise and regresses into the origin (the IR fixed point). In the course
of a flowing, the phase curve intersects horizontal line W ′ = 0 twice (the orange circles).
The function W ′ at the intersection point changes its sign : +⇒ − in (b), − ⇒ + in (a),
which implies that at the critical φB (W
′(φB) = 0, V ′(φB) 6= 0) the RG flow is bounced
and inverts its direction. The dotted line curve in (b) represents an ingoing flow to the
origin.
for a = −10 in Fig. 6. Now, we ask how many bouncing points exist in the bouncing
RG flow. Although this question is very interesting, unfortunately answering this question
looks very difficult because finding the number of bouncing points requires highly nontrivial
nonperturbative analysis. We leave this issue to a future work, In this work, instead, we
discuss the qualitative relation between the bouncing number and the intrinsic parameter
a by using the numerical analysis. In Fig. 7, we depict the numerical behaviors of φ and
φ′ relying on the several other values of a in the parameter regions of the bouncing flow.
For the bouncing RG flow in Fig. 7, a starting point (φ 6= 0 and φ′ = 0) and an ending
point (φ = 0 and φ′ = 0) correspond to the UV and IR fixed points, respectively. Except
for these two conformal fixed points, Fig. 7 shows that there exist more additional points
satisfying φ′ = 0 in the course of the RG flow. Those additional points exactly correspond
to the bouncing points of the bouncing RG flow. Intriguingly, the numerical result in Fig.
7 indicates that the number of the bouncing points increases when the absolute value of
the parameter a increases in the bouncing RG flow region.
Before closing this section, there are some remarks on the relation between the bounc-
ing RG flow and the cascading RG flow, which is another possible RG flow solution [32]. In
general, the cascading RG flow shows a very similar flowing behavior to the bouncing RG
flow, though the cascading RG flow usually has an infinite number of the bouncing points.
In spite of the similar flowing behavior, the cascading and bouncing RG flows have a big
difference, which is the reason why a cascading RG flow does not appear in the present
model. To understand this important difference between two RG flows, let us discuss the
cascading RG flow more. For the cascading RG flow, it has been well known that there
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Figure 7: Phase diagrams with respect to various negative values of a. Each curve has
different number of critical field point φB (intersection point, φ 6= 0 and φ′ = 0) : one
(a = −3), two (a = −10) and three (a = −50). From a numerical analysis, we find some
regularity in which the number of the critical point increases when growing the negative
value of a. The phase curve starts at the UV fixed point (the origin φ = 0) and, after
clockwise flowing it stops at the IR fixed value of φ.
is no well-defined AdS space at a UV energy scale because the cascading RG flow does
not allow a unitary CFT at a UV fixed point. On the dual gravity side, the scalar field
representing the cascading RG flow usually violates the BF bound and then exhibits an
oscillating behavior (tachyonic instabilities [32, 42]) in the asymptotic region
Φ(y) ' α edy/2 cos
( |ν|
2
y + γ
)
, y → −∞, (3.9)
where ν =
√
4m2R2uv + d
2 and α and γ are integration constants. This is the typical
feature usually appearing in an irrelevant deformation. The similar phenomenon without
a bouncing behavior was studied in the N = 1 supergravity in type IIB string theory [43].
For the bouncing RG flow described by a relevant deformation, the corresponding scalar
field is rapidly suppressed in the asymptotic region, so that its gravitational backreaction
is usually negligible. However, the scalar field corresponding to the cascading RG flow does
not suppressed in the asymptotic region, so that its gravitational backreaction inevitably
modifies the asymptotic geometry. Therefore, the asymptotic geometry appearing in the
cascading RG flow is not an AdS space. In other words, the cascading RG flow is UV
incomplete similar to the T T¯ deformation of a two-dimensional IR CFT [44–47]. On the
other hand, since the bouncing RG flow is described by a relevant deformation, the dual
field theory usually has a well defined CFT at a UV fixed point.
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4 RG flow of the entanglement entropy
The c-theorem, as mentioned before, claims that the c-function representing the degrees
of freedom of a system monotonically decreases along the RG flow. More accurately, there
are three distinguished versions of the c-theorem conjecture [48]. (1) The weakest version
concerns the degrees of freedom only at the two endpoints of the RG flow such that cuv > cir.
(2) A stronger version asserts that c is a monotonically decreasing function along the entire
RG flow. (3) The strongest one claims that the RG flow is a gradient flow of the c-function.
The last one still remains to be proven. Now, we focus on the first and second versions.
In the previous sections, we discussed several different types of the RG flow which
allows a nontrivial β-function. For the bouncing RG flow, in particular, the sing of the β-
function can have both positive and negative values. This fact implies that the interaction
strength of the dual field theory repeats increasing and decreasing successively. In this
case, it would be interesting to ask how the c-function is affected by the change of the
interaction strength and how the c-function evolves along the RG flow. In this section, we
investigate the change of the c-function by using the holographic entanglement entropy.
Except for the free theories with a small perturbation, in general, it is a very difficult
task to calculate the entanglement entropy of an interacting field theory analytically. Even
in this case, the holographic technique based on the AdS/CFT correspondence provide a
very prominent tool which is useful to understand a non-perturbative features of strongly
interacting systems. According to the Ryu-Takayanagi (RT) proposition [8], the entangle-
ment entropy of the dual field theory has a one-to-one map to the area of the minimal
surface extended to the bulk geometry. Now, we investigate the evolution of the entangle-
ment entropy along the RG flow by using the RT formula. To do so, we assume that the
entangling points are located at x = ±l/2. Then, a system is divided into a subsystem
with −l/2 ≤ x ≤ l/2 and its complement. In this case, if the dual geometry is described
by (2.2), the area of the minimal surface is determined by
SE =
1
4G
∫ l/2
−l/2
dx
√
e2A(y) + y′2, (4.1)
where y is given by a function of x. Due to the invariance of the action under x→ −x, the
minimal surface must have a turning point denoted by y∗ where y′ vanishes. After solving
the equation of motion, the subsystems size can be reexpressed in terms of the turning
point
l = 2
∫ ∞
y∗
dy
eA∗
eA
√
e2A − e2A∗ , (4.2)
where A∗ is the value of A at y = y∗. In addition, the entanglement entropy can also be
rewritten as an integral form with the turning point
SE =
1
2G
∫ uv
y∗
dy
eA√
e2A − e2A∗ , (4.3)
where we introduce an appropriate UV cutoff uv to regulate a UV divergence.
– 13 –
After performing the above two integrals and rewriting the entanglement entropy in
terms of the subsystem size l, we finally obtain the entanglement entropy in the UV region
SA =
c
3
log
l
uv
+ δ(l), (4.4)
where c = 3R/2GN is the central charge of a dual two-dimensional CFT and δ(l) is a
function depending on the subsystem size. This is exactly the form expected from a two-
dimensional CFT [3]. Here, the first term is crucially relying on the UV theory from the
RG flow viewpoint. If we consider a relevant deformation of a UV CFT like the various RG
flows studied in this work, the first term always happens universally because the relevant
deformation does not affect the UV theory. However, the second term above is not universal
but crucially depends on the deformation.
In order to understand the IR physics beyond the UV regime, a non-perturbative
method is required. If we are interested in the degrees of freedom of the IR physics, it can
be represented as a holographic c-function based on the gauge/gravity duality. Using the
holographic entanglement entropy, for two-dimensional QFT the c-function is defined by
[12, 13]
c = 3
dSE(l)
d log l
= 3 l
dSE(l)
d l
, (4.5)
where SE(l) denotes the entanglement entropy evaluated with the subsystem size l. In
this case the subsystem size is reinterpreted as the inverse of the energy scale observing
the system, so that the system’s energy scale moves from the UV to IR region when the
subsystem size increases. This is exactly the same feature of the RG flow not in the
momentum but real configuration space. One important result we need to note is that the
c-function reduces to the central charge of a CFT at a conformal fixed point.
In a deformed AdS3 space, in general, the c-function can be formally rewritten as [49]
c =
3 dSE
d log l
=
3
4GN
l
γ(l)
, (4.6)
where γ(l) is related to a conserved quantity appearing in (4.1). Since the holographic
entanglement entropy in (4.1) does not explicitly depend on x, there is one conserved
quantity which at the turning point is given by
γ(y∗) = e−A∗ . (4.7)
In this case, since the position of the turning point crucially relies on the subsystem size,
γ(y∗) can be represented as a function of l instead of y∗ by using (4.2). In Fig. 8, we plot
several exact c-functions appearing in the standard, staircase and bouncing RG flows with
different values of a. The result shows that the c-function always monotonically decreases
independent of the type of the RG flow. For the bouncing RG flow with both positive
and negative β-function, the numerical result shows that the c-function always decreases
monotonically along the RG flow regardless of the strength of the interaction.
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Figure 8: The entropic c-theorems (4.6) evaluated int the AdSuv3 ⇒ AdSir3 RG flows with
different values of a. The reference central charge at the UV fixed point, cuv = 1. The
values of cir are 0.9833 (standard RG), 0.2708 (staircase RG) and 0.2319 (bouncing RG),
respectively.
For consistency check, in Fig. 9 we also compare the c-function in (4.6), which was
derived from the holographic entanglement entropy, with (2.6) obtained in the holographic
renormalization procedure. The result in Fig. 9 shows that two c-functions defined by two
different ways have a small discrepancy in the intermediate energy scale. Nevertheless,
these two c-functions shows the qualitatively same flowing behavior in the entire energy
scale and reduces to the exact same central charges of the UV and IR CFTs at the fixed
points. Although two c-functions defined here have a small discrepancy in quantity, they
are qualitatively almost equivalent and represents the RG flow expected by the c-theorem.
5 Discussion
We investigated several different types of the RG flow which can appear in a two-dimensional
deformed CFT. In order to realize such RG flows holographically, we took into account a
three-dimensional dual gravity theory with a specific scalar potential which allows many
local maxima and extrema. Due to the invariance of the potential under φ → −φ, the
potential usually allows a local extremum at φ = 0 which was identified with the UV fixed
point of the dual field theory. Near this UV fixed point, if we restrict for the scalar field to
have a mass only in the range of −1 < m2R2uv < 0, the local extremum at φ = 0 becomes
a local maximum or a unstable equilibrium point and, on the dual field theory side, the
corresponding dual scalar operator becomes a relevant operator. Although the effect of a
relevant operator is negligible in the UV regime, it causes a nontrivial RG flow and seri-
ously modifies the IR physics. On the dual gravity side, the RG flow caused by a relevant
scalar operator can be matched to the rolling of the bulk scalar field. Since the potential
considered here allows a local minimum near the local maximum defined at φ = 0 except
only for a = 0, the scalar field naturally rolls down to a local minimum which corresponds
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Figure 9: Comparing holographic c-functions : (a) standard RG, (b) staircase RG and
(c) bouncing RG, where the red dotted line represents the result of (2.6) and the black line
represents the entanglement c-function (4.6). Here we fix the central charge to be 1 at the
UV fixed point.
to a new IR fixed point of the deformed dual field theory. As a consequence, the rolling of
the scalar field from the unstable to new stable equilibrium points describes the RG flow of
the dual field theory from the UV to IR fixed points. From the field theory point of view,
since this RG flow is highly nonperturbative, it is usually a very difficult task to understand
the details of the RG flow in the entire region of the energy scale. However, there is still a
chance to investigate the nonperturbative feature of the RG flow by using the holographic
dual of this RG flow. In the present work, we have studied the possible RG flows of the
quantum field theory deformed by a relevant scalar operator. Interestingly, we showed that
the toy model we considered leads to several different types of the RG flow relying on the
value of the intrinsic parameter a. The resulting RG flows can be summarized as follows:
• For a > 0, the RG flow of the dual field theory is described by the standard RG flow,
in which the β-function is always negative and does not oscillate at the intermediate
energy scale. From this result, we can see that the coupling constant of the dual field
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theory increases monotonically along the RG flow, while the c-function corresponding
to the degrees of freedom monotonically decreases.
• For a = 0, we showed that there is no local minimum near the local maximum
corresponding the UV fixed point. This implies that the RG flow is not terminated
due to the absence of the IR fixed point. Therefore, the RG flow for a = 0 becomes
an IR incomplete RG flow.
• For a < 0, a new IR fixed point appears again, so that the corresponding RG flow is IR
complete. In this parameter region, the resulting RG flow shows two different flowing
behaviors from the previous standard RG flow. When the absolute value of a is very
small, the staircase RG flow appears. The β-function of the staircase RG flow is
always negative except for two fixed points, which is similar to the previous standard
RG flow. Unlike the standard RG flow, however, the β-function of the staircase RG
flow oscillates. Therefore, the coupling constant of the staircase RG flow increases
monotonically along the RG flow but repeats the fast and slow increasing due to the
oscillation of the β-function. For a large absolute value of a, the bouncing RG flow
occurs. In general, the bouncing RG flow has two branching solutions. One has a
positive β-function, while the other branch has a negative value. At the bouncing
points, the RG flow changes the branch with changing the sign of the β-function. On
the dual field theory side, this feature shows that the coupling constant increasing
in one branch becomes decreasing in the other branch after passing through the
bouncing point. As a result, the interaction strength of the bouncing RG flow does
not increases monotonically along the RG flow. We finally showed that the number
of the bouncing points in the bouncing RG flow increases as the absolute value of a
increases.
We also studied the c-function relying on the energy scale by using the holographic
entanglement entropy technique. A variety of the RG flows we found have a nontrivial
β-function which determines the strength of the coupling constant. For the bouncing
RG flow, since the β-function has a positive value at an intermediate energy scale, the
interaction strength can decrease in the course of the RG flow. At this energy scale, it
would be interesting to ask how the c-function behaves. By applying the holographic
entanglement entropy technique, in the present work, we studied the change of the c-
function of various RG flows we found. Intriguingly, we numerically showed that the
c-function always decreases along the RG flow regardless of the type of the RG flow. Even
in the bouncing RG flow which allows the decreasing coupling constant, for example, the
c-function monotonically decreases with satisfying the c-theorem. In the present work, we
focused on only the two-dimensional deformed CFT. However, it would be more interesting
to know the possible RG flows of a higher dimensional deformed CFT by applying the
methods used in this work. We hope to report more interesting results in future works.
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